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COMPACTNESS OF SELF-SHRINKERS IN R3 WITH FIXED
GENUS
AO SUN AND ZHICHAO WANG
Abstract. We prove the compactness of self-shrinkers in R3 with bounded entropy
and fixed genus. As a corollary, we show that numbers of ends of such surfaces are
uniformly bounded by the entropy and genus.
1. Introduction
A hypersurface Σ ⊂ Rn+1 is called a self-shrinker if it satisfies the equation
(1.1) H =
1
2
〈x,n〉,
where H is the mean curvature of the hypersurface, x is the position vector on the
hypersurface, and n is the unit normal vector of Σ at x.
Self-shrinkers are the homothetic solitons of mean curvature flow. That is, suppose
Σ is a self-shrinker, then {√−tΣ}t∈(−∞,0) is a solution to the mean curvature flow.
Moreover, by using Huisken’s monotonicity formula (cf. [20]), Ilmanen [22] and White
[33] proved that self-shrinkers are models for singularities of the mean curvature flow.
The simplest self-shrinkers in R3 are the planes, the spheres, and the cylinders.
Brendle [6] proved that these are the only possible self-shrinkers with genus 0. An-
genent [1] constructed a genus 1 self-shrinker which is known as the Angenent donut.
For higher genus, Kapouleas-Ketover-Møller [23] constructed a number of examples
of non-compact self-shrinkers by a gluing method.
In this paper, we prove the compactness of self-shrinkers in R3 with fixed genus.
Theorem 1.1. Let {Σi} ⊆ R3 be a sequence of self-shrinkers with genus g and
uniformly bounded entropy, then there exists a subsequence(still denoted by {Σi})
and a self-shrinker Σ with genus g such that Σi converges to Σ in C
∞
loc(R
3).
Here entropy is defined to be the Gaussian area of self-shrinkers (see (2.3) for the
precise definition).
Given Λ > 0 and a non-negative integer g, we define MS(Λ, g) to be the space of
self-shrinkers in R3 with genus g and entropy no more than Λ. For simplification, set
(1.2) MS(g) =
⋃
Λ>0
MS(Λ, g).
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Then our main theorem is equivalent to say thatMS(Λ, g) is compact under C∞loc(R3)
topology.
The smooth compactness theorem of
⋃g
k=0MS(Λ, k) is first developed by Colding-
Minicozzi in [15]. However, it is not known that whether the topological type of the
shrinkers changes in the limit. For example, when passing to limit, a “hole” on the
shrinkers may move further and further, and vanishes at infinity in the limit. Our
theorem rules out this possibility, and improve the understanding of the structure of
self-shrinkers with finite genus.
As a result, a direct corollary of our main theorem is
Corollary 1.2. Given Λ > 0, g > 0, there exists R = R(Λ, g) > 0 such that for any
Σ ∈MS(Λ, g), Σ\BR(0) consists of finite union of topological annuli and topological
disks.
In other words, we proved that the “holes” on a self-shrinker can not stay far away
from the origin of R3.
The classification of self-shrinker ends plays an important role in our paper. Such a
result is started in [30] by Wang, who uses Carleman type technique to prove that two
self-shrinker ends which are asymptotic to the same cone must identically coincide
with each other. Later in [32], Wang proves that two self-shrinker ends which are
asymptotic to the same cylinder with certain decay rate must identically coincide
with each other. As a result, the asymptotic behavior of noncompact self-shrinkers
at infinity is quite clear. Recently, Wang classifies the self-shrinker ends with finite
topology in [31], which is the most important structure theory of self-shrinkers in R3.
It may be interest to compare the structure theory of self-shrinekrs with the struc-
ture theory of minimal surfaces in R3, cf. Colding-Minicozzi [10–13, 16], Meeks-
Rosenberg [26]. The structure of minimal surfaces with finite topology and finite
total curvature is well studied, and the ends of minimal surfaces are like helicoids at
infinity, which is very different from the case of self-shrinkers.
The key step in [31] is to prove the multiplicity of a tangent flow of a self-shrinker
equals to 1. Then the classification theorem follows from Brakke’s Regularity The-
orem (see [5, 34]). Note that the argument in [31] works for all Σ ∈ MS(Λ, g).
Consequently, Σ can only have finitely many ends (see Lemma A.2). Our theorem
in this paper implies that the number of ends are bounded by a constant depending
only on Λ and g.
Corollary 1.3. There exists a constant C = C(Λ, g) such that for all Σ ∈MS(Λ, g),
the number of ends of Σ is no more than C.
Another application of Theorem 1.1 is the existence of entropy minimizer among
MS(g). It follows from the definition of entropy that the plane R2 is a global min-
imizer. Among all closed self-shrinkers, the round sphere is the only one achieves
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the least entropy for all dimensions, which is proved by Colding-Ilmanen-Minicozzi-
White in [17]. After that, Bernstein-Wang [3] confirms that the cylinders have the
third least entropy among all self-shrinkers in R3. As a result, we show the existence
of entropy minimizer with fixed genus g.
Corollary 1.4. There exists an entropy minimizer in MS(g) whenever MS(g) 6= ∅.
We remark that among all closed surfaces, Bernstein-Wang [2] proves that the
entropy of closed hypersurfaces is minimized by round spheres in Rn+1 with n no
more than 6. Later Zhu generalized this result to all dimensions in [35]. In R3,
Ketover-Zhou [24] have an alternative proof using min-max theory.
This kind of minimizing problem is of great interest in the study of geometry. Leon
Simon [27] proved that for a fixed genus number g, there is a genus g Willmore surface
in R3 achieve the minimum of the Willmore energy among all the genus g Willmore
surfaces. In contrast, for a sequence of minimal surfaces or constant mean curvatue
surfaces, the topology type may change when passing to limit, hence in general it is
hard to find an extremal surface with fixed genus.
Outline of the proof. By the compactness ofMS(Λ, g) given by Colding-Minicozzi [15],
Σi converge to Σ smoothly in arbitrary large ball BR, which implies that Σi∩BR’s are
diffeomorphic to Σ ∩ BR when i sufficiently large. Thus we only need to analyze Σi
outside a large ball. By Wang’s result [31, Theorem 1.1], Σ\BR(0) can be decomposed
to finitely many annuli. Moreover, each component is either asymptotic to a regular
cone or a cylinder. We will call them conical or cylindrical ends respectively. Our
purpose is to prove that the connected components of Σi \BR are topological annuli
or topological disks.
Let Γ be a component of Σ \ BR(0) which is conical. Then Σi \ BR(0) can be
decomposed into several components. We consider the one which is close to Γ, and
denote it by Γi. By the monotonicity formulae of F -functional near the asymptotic
cone, we can prove that Γi completely lies in a tubular neighborhood of Γ (see Lemma
4.1). If |x|2 has no critical points in such a neighborhood, then by the Morse theory
we know that Γi has to be a topological annulus. So we only need to prove that |x|2
has no critical points on Γi.
To prove that |x|2 has no critical points on Γi, we use contradictory arguments.
Suppose pi ∈ Γi is a critical point of the function |x|2. Then Σi locally smoothly
converging to Σ implies that pi → ∞. We can blow up these ends at these critical
points, and the limit would be a translating soliton which is not a plane. Moreover
it is a Bowl soliton (see Theorem 2.8). However, the monotonicity formulae show
that the entropy of the translator should be bounded by the F -fucntional of Σ at ∂Γ
(see Proposition 2.7), which is closed to 1 since Γ is asymptotic to a regular cone.
Recall that the entropy of Bowl soliton equals λ1 (the entropy of S
1). Then we have
a contradiction. Thus Γi is diffeomorphic to an annulus.
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It remains to prove the theorem when Γ is a cylindrical end with direction y. The
simplest case is that Γi has an end which is asymptotic to a cylinder. Denote yi to
be the direction of a cylindrical end of Γi, then yi → y (see Lemma 4.1). Taking any
sequence ρi →∞, we claim that Σi−ρiyi locally smoothly converges to a self-shrinker
cylinder. By monotonicity formulae, F -functional on Σi− ρiyi is no less than λ1 (see
Proposition 2.7). On the other hand, the limit (denote by ν) of Σi − ρiyi is no more
than the functional of Σ − ρy, which converges to λ1 as ρ → ∞. Thus Σi − ρiyi
converges to an F -stationary varifold with entropy λ1. Then the claim follows from
Brakke’s regularity theorem (see [5,34] or Theorem 2.6) if ν is supporting on a smooth
self-shrinker with multiplicity 1.
It suffices to show the smoothness of ν. Though Ilmanen [22] shows that the
singularities of mean curvature flow of surfaces in R3 is smooth, we can not follow
his argument to prove that ν supports on a smooth self-shrinker. The reason is that
we need to prove the smoothness of limit for all ρi → ∞, and then the bound of
integration of H2 is hard to get.
To prove ν is smooth, we show ν splits off a line and then the claim follows from the
entropy bound. Indeed, the limit is also F -stationary if we take limits for Σ−(ρi+τ)yi
for each τ ∈ R. Thus ν− τy is also F -stationary, which implies that ν slits off a line.
Notice that the entropy of ν equals to λ1. Therefore, ν is supporting on a self-shrinker
cylinder.
Consequently, Σi − ρiyi converges to a self-shrinker for any sequence of ρi → ∞.
Combining Σi locally smoothly converges to Σ, we can prove that Γi is diffeomorphic
to Γ (see step 4 of Proposition 5.1 for details).
When Γi consists of conical ends or it is compact, the idea is the same but a suitable
blow up/down argument to control the lower bound of the limits is necessary. We
refer to Proposition 5.2 and 5.3 for details.
The paper is organized as follows: In Section 2, we summarize some known results
in mean curvature flows and Brakke flows fist. Then we give a upper bound of entropy
after blowing up. Using this, we show that Bowl soliton is the only non-trivial one
by taking blowing up limits. Later in Section 3, another version (Theorem 3.1) of
Theorem 1.1 will be stated. Using this, the proof of Corollary 1.2 and 1.3 follows.
The Section 4 is devoted to the first part of Theorem 3.1. In Section 5, we prove the
second part of Theorem 3.1. In Appendix A, we recall Wang’s classification of ends
[31].
Acknowledgement. We want to thank Professor Bill Minicozzi and Professor Lu Wang
for the helpful discussion and comments. Z.W. would like to thank Professor Gang
Tian and Professor Xin Zhou for constant encouragement. A.S. wants to thank
Kyeongsu Choi for the helpful discussion. We also would like to thank Jonathan Zhu
for bringing our attention to the paper of Bernstein-Wang [4].
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2. Preliminaries
In this section, we summarize the known results which are used in this paper. The
experts should feel free to skip this section.
2.1. F -functional and monotonicity formulae. Let us recall Huisken’s mono-
tonicity formulae. Given (y, s) ∈ Rn+1 × R, let Φy,s be the heat kernel on Rn+1 ×
(−∞, t):
(2.1) Φy,s(x, t) = (4π(s− t))−n2 e−
|x−y|2
4(s−t) .
We will omit the subscript if (y, s) = (0, 0)
For any hypersurfaces in Rn+1 and (x0, t0) ∈ Rn+1 × (0,+∞), the F -functional is
defined by
(2.2) Fx0,t0(Σ) = (4πt0)
−n
2
∫
Σ
e
− |x−x0|2
4t0 =
∫
Σ
Φ(x− x0,−t0).
We say Σ is a self-shrinker in Rn+1 if it satisfies the equation,
H =
〈x,n〉
2
.
By monotonicity foumulae [14, 1.9], for a self-shrinker Σ, V ∈ Rn+1 and a ∈ R,
FsV,1+as2(Σ) is monotone decreasing in s whenever 1 + as
2 > 0.
The entropy of Σ is defined by
(2.3) λ(Σ) := sup
(x0,t0)∈R3×(0,∞)
Fx0,t0(Σ).
In this paper, we always denote by λ1 the entropy of self-shrinker cylinder in R
3.
The entropy is a quantity characterizing all the scales of a submanifold. This fact
is suggested by the following useful proposition.
Proposition 2.1. There is a constant C such that for any embedded hypersurface Σ
in Rn+1,
(2.4) sup
x∈Rn+1
sup
r>0
Area(Σ ∩ Br(x))
rn
≤ Cλ(Σ),
and
(2.5) λ(Σ) ≤ C sup
x∈Rn+1
sup
r>0
Area(Σ ∩ Br(x))
rn
.
2.2. Brakkes flows. We refer to [22; 31, §2] for the definition of Brakke flows. The
following monotonicity formula is similar to that of mean curvature flow:
Lemma 2.2 (Monotonicity Formula for Brakke Flows, [22, Lemma 7]). Let {µt}t∈(a,b)
be a Brakke flow satisfying
sup
x∈Rn+1
sup
R>0
µt(BR(x))
Rn
≤ C < +∞.
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Then for all (y, s) ∈ Rn+1 × (a, b), and all a ≤ t1 ≤ t2 < s,∫ t2
t1
∫
Φy,s(x, t)
∣∣∣H − (x− y)⊥
2(s− t)
∣∣∣2dµt(x)dt
≤
∫
Φy,s(x, t1)dµt1(x)−
∫
Φy,s(x, t2)dµt2(x).
Remark 2.3. For a Radon measure µ on Rn+1, we can also compute the F -functional,
which is defined by
Fx,t(µ) :=
∫
(4πt)−
n
2 e−
|y−x|2
4t dµ(y).
Note that if µ = Hn⌊Σ for a hypersurface Σ, then Fx,t(µ) = Fx,t(Σ).
The following proposition will be used frequently in our argument. This result is
well-known and we refer to [29] for a proof.
Proposition 2.4. Let {µi} be a sequence of Radon measures and
lim sup
i→∞
sup
(x,t)∈Rn+1×(0,+∞)
Fx,t(µi) ≤ C0 < +∞.
Suppose that µi → µ. Then limi→∞ Fx,t(µi) = Fx,t(µ).
We need the compactness theorem for Brakke flows in the following sections.
Lemma 2.5 (Compactness of Brakke flows, [21, Lemma 7.1]). Let {{µit}t∈(a,b)} be a
sequence of Brakke flows so that for all bounded open U ⊂ Rn+1,
(2.6) lim sup
i→∞
sup
t
µit(U) ≤ C(U) < +∞.
There is a subsequence {ik} and an integral Brakke flow {µt}t∈(a,b), so that µikt → µt
in the sense of Radon measure as k →∞.
The following theorem is proved by White [34], which is a consequence of Brakke’s
local regularity theorem in [5]. Our statement here is a special case of [34].
Theorem 2.6 ([34, Theorem 7.3]). Let {Σit}t∈(a,b) be a sequence of mean curvature
flow in Rn+1 (n ≥ 2). Suppose that the corresponding Brakke flow {µit} (where
µit := Hn⌊Σit) converges to a Brakke flow µt as Radon measures. If µt is a mean
curvature flow measure for t ∈ (a, b), that is, µt supports on a smooth manifold Σt
with multiplicity 1, then Σit locally smoothly converges to Σt for t ∈ (a, b).
2.3. Blow up and blow down arguments. In this paper, y ∈ R3 also represents
a constant vector field. Denote by Ry the line in R
3 containing y. For a, b ∈ R, set
(2.7) Iy(a, b) = {ty| t ∈ (a, b)}.
We will use Ry to denote Iy(−∞,∞).
The following proposition will be used frequently in this paper.
COMPACTNESS OF SELF-SHRINKERS IN R
3
WITH FIXED GENUS 7
Proposition 2.7. Let {Σi} ⊆ MS(Λ, g) (see (1.2)) and Σi locally smoothly converge
to Σ. Suppose that yi ∈ S2(1) and yi → y. For any ρi → +∞ and ai > 0 satisfying
ρiai →∞, define
µ = lim
i→∞
H2⌊ai(Σi − ρiyi).
Then for any (x, t) ∈ R3 × (0,+∞),
Fx,t(µ) = lim
i→∞
Fx,t(ai(Σi − ρiyi)) ≤ lim
ρ→∞
Fρy,1(Σ).
Proof. The proof is based on the continuity of F -functional (Proposition 2.4) and
monotonicity formulae (§2.1). Indeed,
Fx,t(µ) = lim
i→∞
Fx,t(ai(Σi − ρiyi))
= lim
i→∞
F0,1
(ai(Σi − ρiyi)− x√
t
)
= lim
i→∞
Fρi(yi+x/(ρiai)),ρ2i (t/a2i−1)/ρ2i+1(Σi)
≤ lim sup
ρ→∞
lim sup
i→∞
Fρ(yi+x/(ρiai)),ρ2(t/a2i−1)/ρ2i+1(Σi)
= lim sup
ρ→∞
Fρy,1(Σ) (sinceρi →∞ and aiρi →∞)
= lim
ρ→∞
Fρy,1(Σ). (by monotonicity formulae)
Thus we complete the proof. 
Theorem 2.8. Suppose {Σi} ⊆ MS(Λ, g) (see (1.2)) and pi ∈ Σi such that |pi| → ∞.
Then the blow up sequence
Σ˜i =
|pi|
2
(Σi − pi)
locally smoothly converges to a Bowl soliton Σ˜ with direction −y or Ry × R up to a
subsequence. Moreover if there is a constant δ > 0 such that |A|(pi) ≥ δ|pi|, then Σ˜
is not a plane.
Proof. By Lemma A.3, we conclude that there exists a constant C such tht Σi has
uniformly curvature bound
|AΣi| ≤ C(1 + |x|),
where AΣi is the second fundamental form of Σi. Then the rescaling sequence Σ˜i has
locally uniformly curvature bound, which implies there is a subsequence of Σ˜i locally
smoothly converges to Σ˜.
Note Σ˜i satisfies the equation
H˜ = 〈 2x|pi|2 ,n〉+ 〈
pi
|pi| ,n〉.
Passing to a limit, then Σ˜ satisfies the equation
H˜ = −〈V,n〉,
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where V = − limi→∞ pi/|pi|. Hence the limit Σ˜ is a translating soliton.
Recall Proposition 2.7, Fx,t(Σ˜) limρ→∞ Fρy,1(Σ) ≤ λ1.
The entropy bound implies that Σ˜ is a Bowl soliton or Ry × R by Theorem B.1
(see also Choi-Haslhofer-Hershkovits [9, Theorem 1.2]).
Now we suppose there is δ > 0 such that |A|(pi) ≥ δ|pi|, then after rescaling we
conclude that |A˜|(0) ≥ δ > 0. Thus the limit cannot be a plane. 
Remark 2.9. The results in this section is a part of the correspondence of self-shrinkers
and translating solitons which have been pointed out by Ilmanen in [21, Appendix
J]. We believe that there would be a more general and uniform arguments to set up
this kind of correspondence.
3. Main results
For a subset U ⊂ S2(1) and r ≥ 0, define the related conical end as
(3.1) CU,r := {tx : x ∈ U, t ≥ r}.
In this section, {Σi} is always assumed to be a sequence in MS(Λ, g). Then there
exists Σ ∈ MS(Λ, g) such that Σi → Σ locally smoothly up to a subsequence (still
denoted by {Σi}). By Wang [31] (see our statement in Theorem A.1),
S2 ∩ lim
ρ→∞
ρ−1Σ
consists of disjoint simple closed curves and points. Therefore, there exists large R
such that Σ \BR(0) consists of self-shrinker ends Γ1,Γ2, · · · ,Γk.
We say that CU,R is a conical neighborhood of Γi if CU,R ∩ Σ = Γi.
The key ingredient is the following theorem.
Theorem 3.1. Let {Σi} ⊆ MS(Λ, g) (see 1.2) and Σi locally converging to Σ. Sup-
pose that there is an open set U ⊂ S2 and R > 0 such that CU,R ∩Σ is a self-shrinker
end Γ. Then up to a subsequence, one of the following happens:
(1) Γ is asymptotic to a cone and Σi ∩ CU,R is diffeomorphic to Γ;
(2) Γ is asymptotic to a cylinder, and Σi ∩ CU is diffeomorphic to Γ or a disk.
The proof of Theorem 3.1 will be postponed to §4 and §5.
In the rest of this section, we use Theorem 3.1 to prove our main results of this
paper.
Proof of Theorem 1.1. Given a complete surface M in R3, denote by g(M) the num-
ber of genus of M .
Since Σ has finite genus, The classification of ends in [30] and Lemma A.2 implies
that we can take R large enough such that
g(BR(0) ∩ Σ) = g(Σ).
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Note that Σi locally smoothly converge to Σ. Hence for large i,
g(BR(0) ∩ Σi) = g(BR(0) ∩ Σ).
Now by Theorem 3.1, Σi ∩ CU,R is diffeomorphic to S1 × R or a disk. Hence
g(Σi) = g(Σi ∩BR(0)) = g(Σ).
Thus we complete the proof. 
Proof of Corollary 1.2. Assume on the contrary that {Σ} ⊆ MS(Λ, g) satisfying the
following: for any R > 0, there exists iR > 0 such that a component of Σi \ BR(0) is
not diffeomorphich to an annulus or a disk.
Suppose that Σi locally smoothly converges to Σ ∈ MS(Λ, g). Then there exists
R0 > 0, such that Σ \ BR(0) consists of self-shrinker ends. Then by Theorem 3.1,
each component of Σi \ BR(0) is diffeomorphic to an annulus or a disk, which leads
to a contradiction. 
Given a complete surface M in R3, denote by E(M) the number of ends of M . We
now prove the uniform bound of E.
Proof of Corollary 1.3. Assume on the contrary that {Σi} ⊆ MS(Λ, g) and E(Σi)→
∞. Suppose Σi locally smoothly converges to Σ ∈MS(λ, g).
Then by Theorem 3.1, E(Σ) ≥ E(Σi) for large i. Hence
E(Σ) ≥ lim inf
i→∞
E(Σi) = +∞,
which contradicts Lemma A.2.

4. Asymptotic to a cone
Now we are going to prove Theorem 3.1.
This section is devoted to the case that Σ∩CU,R (see (3.1) for notations) is asymp-
totic to a cone. The purpose is to show Σ∩ CU,R is also a self-shrinker asymptotic to
a cone. We first show that Σi does not touch C∂U for large i.
Lemma 4.1. Suppose that Σi ∈MS(Λ, g) (see (1.2) for definition) locally smoothly
converges to Σ. Then S2(1)∩ limρ→∞ ρ−1Σi converges to a subset of limρ→∞Σ∩S2(1)
in the Hausdorff distance.
Proof. It suffices to show that for yi ∈ limρ→∞ ρ−1Σi ∩ S2(1), yi converges to a point
in limρ→∞ ρ−1Σ ∩ S2(1) up to a subsequence.
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Let y be a limit point of {yi}. Then by Proposition 2.7,
lim
ρ→∞
Fρy,1(Σ) ≥ lim inf
i→∞
F0,1(Σi − ρiyi) = lim inf
i→∞
Fρiyi,1(Σi),
≥ lim inf
i→∞
lim
ρ→∞
Fρyi,1(Σi) ≥ 1.
This means that y must lie in limρ→∞ ρ−1Σ ∩ S2(1). Hence the desired result
follows. 
In the following of this section, we prove the first part of Theorem 3.1.
Theorem 4.2. Let Σi,Σ, U and Γ be the same as in Theorem 3.1. Suppose that there
is a curve γ ⊆ S2(1) such that
lim
ρ→∞
ρ−1Σ ∩ U = γ.
Then there exists R > 0, i0 > 0 such that Σi ∩ CU,R is diffeomorphic to S1 × [0,+∞)
for i ≥ i0.
Proof. Let us consider the function |x|2 defined on Γi. Take R large enough such that
Σ ∩ CU,R is diffeomorphic to S1 × [0,+∞).
Assume that |x|2 has no cirtical points in Σi∩CU,R for large i. Note that Σi locally
smooth converges to Σ, so the level set {|x| = R} ∩ Σi ∩ CU,R is S1. Then by the
standard Morse theory we know that Σi ∩ CU,R is diffeomorphic to S1 × [0,+∞) for
large i.
To complete the proof, it suffices to show that |x|2 has no cirtical points in Σi∩CU,R
for large i. Suppose that on the contrary that |x|2 has a cirtical point pi ∈ Σi ∩ CU,R
for large i. Since Σi locally smoothly converges to Σ, ,we must have pi →∞.
We claim p⊥i = ±pi. In fact, since pi is a critical point of |x|2, suppose e1, e2 is an
orthogonal frame around pi on Σi ∩ CU,R, then
∇ej〈x, x〉(pi) = 0, j = 1, 2.
Note that
∇ej〈x, x〉(pi) = 2〈ei, pi〉,
which implies that p⊤i = 0, hence p
⊥
i = ±pi.
Now set yi = pi/|pi| and ρi = |pi|. Then ρi → ∞. Suppose yi → y, where
y ∈ limρ→∞ ρ−1Σ ∩ U . Then limρ→∞ Fρy,1(Σ) = 1.
By Proposition 2.7,
Fx,t(Σ˜) ≤ lim sup
ρ→∞
Fρy,1(Σ) ≤ 1,
which leads to a contradiction to Σ˜ be a Bowl soliton. Thus we complete the proof.

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5. Asymptotic a cylinder
In this section, we prove the second part of Theorem 3.1.
U is always assumed to be a subset of S2 such that U ∩ limρ→∞ ρ−1Σ has only one
connected component. Take R large enough such that Σ ∩ CU,R is diffeomorphic to
S1 × [0,+∞). We know that limρ→∞ ρ−1Σi ∩ S2 consists of disjoint simple closed
curves and points (see Appendix A).
It follows from Lemma 4.1 that limρ→∞ ρ−1Σi∩U is consist of disjoint simple closed
curves and points for i sufficiently large.
For any x ∈ R3, denote by P (x) the hyperplane containing x and perpendicular to
x. Denote the disk
Bxr (y) = Br(y) ∩ P (x).
The purpose of this section is to prove that Σi∩CU,R is diffeomorphic to S1×[0,+∞)
or a disk. The proof is divided into three cases by the type of CU ∩ Σi (see 3.1 for
notations): limρ→∞ ρ−1Σi contains a point, or a curve or nothing.
5.1. Σi ∩ CU contains a cylindrical end. First, we assume that limρ→∞ ρ−1Σi ∩U
always contains a point component yi. Then by Lemma 4.1, yi → y as i→∞.
We remark that by assumptions, limρ→∞ ρ−1Σi ∩ CU may have other curves or
points. However, we can prove that for i large enough, limρ→∞ ρ−1Σi = yi. Indeed,
we can do even more:
Proposition 5.1. Σi ∩ CU,R is diffeomorphic to Σ ∩ CU,R.
Proof. The proof is divided into four steps:
Step 1: For any sequence ρi →∞, Fρiyi,1(Σi)→ λ1.
Proof of Step 1. Firstly,
lim sup
i→∞
Fρiyi,1(Σi) ≥ lim sup
i→∞
lim sup
ρ→∞
Fρyi,1(Σi) = λ1.
Note that by Lemma 2.7,
lim inf
i→∞
Fρiyi,1(Σi) ≤ lim inf
ρ→∞
Fρy,1(Σ) = λ1.
Then the desired result follows. 
Step 2: For any sequence ρi →∞, Σi−ρiyi locally smoothly converges to S1(
√
2)×
Ry up to a subsequence.
Proof of Step 2. Define the Brakke flow for each i and t < 0,
µit = H2⌊
(√−tΣi − ρiyi).
By the compactness theorem of Brakke flow, there exists a Brakke flow {νt}t<0
such that for each t < 0, µit → νt as a Radon measure. In the following, we show
that the support of ν−1 is a self-shrinker.
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By the monotonicity of F functional, λ(νt) ≤ λ1. While∫
Φ(x, t)dνt = lim
i→∞
∫
Φ(x, t)dµit
= lim
i→∞
∫
√−tΣi−ρiyi
Φ(x, t)dx
= lim
i→∞
∫
Σi− ρi√−tyi
Φ(x,−1)dx
= lim
i→∞
F ρi√−tyi,1
(Σi)
= λ1,
then by the monotonicity formula for Brakke flows, ν−1 is F -stationary, i.e.
−→
H +
S(x)⊥ · x
2
= 0, ν−1 − a.e. x.
where S(x)⊥ is the projection to the normal direction of x. Now we show that ν−1 is
supporting on a smooth self-shrinker.
For τ ∈ R, ρi + τ → +∞ as ρi → +∞. Then ν−1 − τy, to be the limit of
µi−1 − τy = H2⌊
(
Σi − (ρi + τ)yi
)
, is also F -stationary. Thus S(x)⊥ · y = 0, which
implies that ν−1 splits off a line. Recall that F0,1(ν−1) = λ1. We conclude that
ν−1 = H2⌊S1(
√
2)× Ry.
By the local regularity of Brakke flow [34] (see Theorem 2.6), Σi − ρiyi locally
smoothly converges to S1(
√
2)× Ry. 
Step 3: For sufficiently large i, Σi ⊆ Ni, where Ni =
⋃+∞
ρ=RB
ρyi
2 (ρyi).
Proof of Step 3. Assume on the contrary that a subsequence of {Σi} does not lie in
Ni. We still denote the subsequence by {Σi}. Then for each i, Σi ∩ ∂Ni 6= ∅. Take
pi ∈ Σi ∩ ∂Ni. Set ρi = 〈pi, yi〉.
If ρi is bounded, take a subsequence of pi (still denoted by pi) such that lim ρi = ρ.
Then pi ∈ Σi ∩ ∂Ni contradicts that Σi − ρiyi locally smoothly converges to Σ− ρy.
If ρi is unbounded, take a subsequence of pi (still denoted by pi) such that lim ρi =
+∞. Then pi ∈ Σi ∩ ∂Ni, thus Σi − ρiyi can not locally smoothly converge to
S1(
√
2)× Ry, which contradicts the conclusion in Step 2.
Therefore, Σi ⊆ Ni for large i. 
Step 4: Σi ∩ CU,R is diffeomorphic to Σ ∩ CU,R.
Proof of Step 4. By Step 3, it suffices to show that there exists I > 0 such that for
any i > I and r > R, Σi ∩
⋃r+1
ρ=rB
ρyi
2 (ρyi) is diffeomorphic to S
1 × [0, 1].
Assume the statement is not true. Then for each i, take ri > R such that Σi ∩⋃ri+1
ρ=ri
Bρyi2 (ρyi) is not diffeomorphich to S
1 × [0, 1].
If ri is bounded, take a subsequence of ri (still denoted by ri) such that lim ri = r.
Then it contradicts that Σi − riyi locally smoothly converges to Σ− ry.
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If ri is unbounded, take a subsequence of ri (still denoted by ri) such that lim ri =
+∞. Then Σi − riyi can not locally smoothly converges to → S1(
√
2) × Ry, which
contradicts the conclusion in Step 2. 
Combining all the steps above shows the proposition. 
5.2. Σi ∩ CU contains a conical end. Now we consider that limρ→∞ ρ−1Σi ∩ U
consists of a simple closed curve.
Let γi be a component of limρ→∞ ρ−1Σi ∩ U . By Lemma 4.1, γi → y in Hausdorff
distance.
Denote by |γi| the diameter of γi. Take ai, bi ∈ γi such that |ai − bi| = |γi|. Set
yi =
ai+bi
|ai+bi| . Denote by γ˜i the curve Cγi ∩B
yi
1 (yi).
Proposition 5.2. Σi ∩ CU,R is diffeomorphic to Σ ∩ CU,R.
Proof. We use the similar argument with Proposition 5.1. The proof is also divided
into four steps:
Step 1: For any sequence ρi →∞, we have
F
ρiyi,1+
|γi|2ρ2i
8
(Σi)→ λ1.
Proof of Step 1. Assume that 2
√
2γ˜i
|γ˜i| converges to a closed curve γ
′ as measures. Then
Cγ˜i − 2
√
2
|γ˜i| yi converges to γ
′ × Ry. Note that Cγi = Cγ˜i . We conclude that Cγi − 2
√
2
|γi| yi
converges to γ′ × Ry.
Now by the monotonicity of F functional,
lim inf
i→∞
F
ρiyi,1+
|γi|2ρ2i
8
(Σi) = lim inf
i→∞
lim inf
ρ→∞
F
ρiyi,1+(
|γi|2
8
− 1
ρ2
)ρ2i
(Σi)
≥ lim inf
i→∞
lim inf
ρ→∞
F
ρyi,1+(
|γi|2
8
− 1
ρ2
)ρ2
(Σi)
= lim inf
i→∞
lim inf
ρ→∞
F (
2
√
2
ρ|γi|Σi −
2
√
2
|γi| yi)
= lim inf
i→∞
F (Cγi −
2
√
2
|γi| yi)
= F0,1(γ
′) ≥ λ1.
By Proposition 2.7,
lim sup
i→∞
F
ρiyi,1+
|γi|2ρ2i
8
(Σi) ≤ lim inf
ρ→∞
Fρy,1(Σ) = λ1.
Then the desired result follows immediately.

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Step 2 For any ρi → ∞, Σi−ρiyi√
1+
|γi|2ρ2i
8
locally smoothly converges to S1(
√
2) × R up
to a subsequence.
Proof of Step 2. Define the Brakke flow for t ≤ −1 by
µit = H2⌊
(√ 1
1 +
|γi|2ρ2i
8
− 1− tΣi − ρi√
1 +
|γi|2ρ2i
8
yi
)
.
Then by the compactness of Brakke flow (see Lemma 2.5), µit converges to a Brakke
flow νt in the sense of Radon measure. In the next, we show that the support of ν−1
is a self-shrinker.
By the monotonicity of F functional, λ(νt) ≤ λ1. By computation,
(5.1) µit = H2⌊
(√−t( Σi − ρ˜iyi√
1 +
|γi|2ρ˜2i
8
))
,
where ρ˜i = ρi
/√
1− (1 + t)(1 + |γi|2ρ2i
8
).
Note that for any t < −1, ρ˜i →∞ as ρi →∞. Therefore,∫
Φ(x, t)dνt = lim
i→∞
∫
Φ(x, t)dµit
= lim
i→∞
F
ρ˜iyi,1+
|γi|2ρ˜2i
8
(Σi)
= λ1.
By monotonicity formulae, ν−1 is F -stationary, i.e.
−→
H +
S(x)⊥ · x
2
= 0, ν−1 − a.e. x.
We now show that ν−1 is supporting on a smooth self-shrinker. For any τ ∈ R, set
ρ′i = ρi + τ
√
1 + |γi|2ρ2i /8,
and
ti =
1 + |γi|2ρ′2i /8
1 + |γi|2ρ2i /8
.
It follows that ρ′i →∞ and ti → 1 as i→∞. Then ν−1−τy, the limit of µi−1−τyi =
H2⌊
(√
ti
( Σi−ρ′iyi√
1+|γi|2ρ′2i /8
))
, is also F -stationary. This deduces that S(x)⊥ · y = 0 for
almost x. Therefore, ν−1 splits off a line with direction y. Note that λ(ν−1) = λ1.
Hence ν−1 supports on S1(
√
2)×Ry with multiplicity 1. Then taking the advantage of
local regularity for Brakke flows (Theorem 2.6), we conclude that Σi−ρiyi√
1+|γi|2ρ2i /8
locally
smoothly converges to S1(
√
2)× R up to a subsequence. 
Step 3: For sufficiently large i, Σi ⊆ Ni, where Ni =
⋃+∞
ρ=RB
ρyi
2
√
1+|γi|2ρ2/8
(ρyi).
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Proof of Step 3. Assume on the contrary that a subsequence of Σi is not contained
in Ni. We still denote the subsequence by {Σi}. Then for each i, Σi ∩ ∂Ni 6= ∅. Take
pi ∈ Σi ∩ ∂Ni. Set ρi = 〈pi, yi〉.
If ρi is bounded, take a subsequence of pi (still denoted by pi) such that lim ρi = ρ.
Then pi ∈ Σi ∩ ∂Ni implies that
lim
i→∞
∣∣∣∣∣ pi − ρiyi√
1 +
|γi|2ρ2i
8
∣∣∣∣∣ = limi→∞ ∣∣pi − ρiyi∣∣ = 2,
which contradicts that Σi − ρiyi locally smoothly converges to Σ− ρy.
If ρi is unbounded, take a subsequence of pi (still denoted by pi) such that lim ρi =
+∞. Then pi ∈ Σi ∩ ∂Ni also implies that
lim
i→∞
∣∣∣∣∣ pi − ρiyi√
1 +
|γi|2ρ2i
8
∣∣∣∣∣ = 2,
which contradicts that Σi−ρiyi√
1+
|γi|2ρ2i
8
locally smoothly converges to S1(
√
2)× R.
Therefore, Σi ⊆ Ni for large i. 
Step 4: Σi ∩ CU,R is diffeomorphic to Σ ∩ CU,R.
Proof of Step 4. It suffices to show that there exists I > 0 such that for any i > I
and r > R, Σi ∩
⋃r+1
ρ=rB
ρyi
2
√
1+|γi|2ρ2/8
(ρyi) is diffeomorphic to S
1 × [0, 1]. Set
Σi(ri; yi) = Σi ∩
r+1⋃
ρ=r
Bρyi
2
√
1+|γi|2ρ2/8
(ρyi).
Assume the statement is not true. Then for each i, take ri > R such that Σi(ri; yi)
is not diffeomorphic to S1 × [0, 1].
If ri is bounded, take a subsequence of ri (still denoted by ri) such that lim ri = r.
Note that Σi(ri; yi)− riyi smoothly converges to (Σ− ry)∩B2(0)× [0, 1], which leads
to a contradiction.
If ri is unbounded, take a subsequence of ri (still denoted by ri) such that lim ri =
+∞. Then we have proved in Step 3 that Σi−riyi√
1+
|γi|2r2i
8
locally smoothly converges to
S1(
√
2)×R. It follows that Σi(ri;yi)−riyi√
1+
|γi|2r2i
8
locally smoothly converges to S1(
√
2)× [0, 1],
which leads to a contradiction. 
We have proved the proposition. 
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5.3. Σi∩CU is compact. In this part, we consider that limρ→∞ ρ−1Σi∩U = ∅. Then
Σi ∩ CU is compact for all i. Take qi ∈ Σi ∩ CU such that
|qi| = sup
x∈Σi∩CU
|x|.
Set yi = qi/|qi| and di = |qi|. Then di → +∞ and yi → y.
Proposition 5.3. Σi ∩ CU,R is diffeomorphic to a disk.
Proof. The proof is divided into four steps:
Step 1: For any ρi → +∞ with di(di − ρi)→ +∞, Fρiyi,1−ρ2i /d2i (Σi)→ λ1.
Proof of Step 1. By Theorem 2.8, di
2
(Σi−diyi) locally smoothly converges to a trans-
lating soliton Σy with translating direction −y. According to the entropy bound, it is
a Bowl soliton. Hence Σy+ρy√
ρ
locally smoothly converges to S1(
√
2)×Ry as ρ→ +∞.
By monotonicity of F functional,
lim inf
i→∞
F
ρiyi,1− ρ
2
i
d2
i
(Σi) ≥ lim inf
ρ→∞
lim inf
i→∞
F(di− ρdi )yi,1−
1
d2
i
(di− ρdi )
2(Σi)
= lim inf
ρ→∞
lim inf
i→∞
F0,1(
di(Σi − diyi) + ρyi√
2ρ− ρ2/d2i
)
= lim inf
ρ→∞
F− ρy
2
, ρ
2
(Σy)
= λ1.
By Proposition 2.7
lim sup
i→∞
F
ρiyi,1− ρ
2
i
d2
i
(Σi) ≤ lim inf
ρ→∞
Fρy,1(Σ) = λ1.
This completes the proof. 
Step 2: For any ρi → +∞ with di(di − ρi) → +∞, Σi−ρiyi√
1−ρ2i /d2i
locally smoothly
converges to S1(
√
2)× Ry up to a subsequence.
For ρi → +∞ with di(di− ρi)→ ρ, Σi−ρiyi√
1−ρ2i /d2i
locally smoothly converges to Σy+ρy√
2ρ
.
Proof of Step 2. Define the Brakke flow for t < 0,
µit = H2⌊
(√ 1
1− ρ2i /d2i
− 1− tΣi − ρiyi√
1− ρ2i /d2i
)
.
By the compactness of Brakke flows, up to a subsequence, µit converges to a Brakke
flow {νt}t<0 in the sense of Radon measures. Computing directly, we have
(5.2) µit = H2⌊
(√−t( Σi − ρ˜iyi√
1− ρ˜2i /d2i
)
)
,
where ρ˜i =
ρi√
1−(1+t)(1−ρ2i /d2i )
.
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Note that for any t < 0 fixed,
ρ˜i
di
=
ρi/di√
1− (1 + t)(1− ρ2i /d2i )
=
ρi/di√
ρ2i /d
2
i − (1− ρ2i /d2i )t
.
Hence ρ˜i
di
< 1 for sufficiently large i. Moreover,
1− ρ˜
2
i
d2i
=
−t(1 − ρ2i /d2i )
ρ2i /d
2
i − (1− ρ2i /d2i )t
>
−t
1− t(1−
ρ2i
d2i
),
which implies that d2i − ρ˜2i → +∞. Consequently, di(di − ρ˜i)→ +∞.
Now we can compute the F functional as follows:∫
Φ(x, t)dνt = lim
i→∞
∫
Φ(x, t)dµit
= lim
i→∞
∫
Σi−ρ˜iyi√
1−ρ˜2
i
/d2
i
Φ(x,−1)dx
= lim
i→∞
F
ρ˜iyi,1−
ρ˜2
i
d2
i
(Σi)
= λ1.
It remains to show ν−1 supports on a smooth self-shrinker. Indeed, by monotonicity
formulae, ν−1 is F -stationary, i.e.
−→
H +
S(x)⊥ · x
2
= 0, ν−1 − a.e. x.
For any τ ∈ R, set
ρ′i = ρi + τ
√
1− ρ
2
i
d2i
and
ti =
1− ρ′2i /d2i
1− ρ2i /d2i
.
It follows that di(di − ρ′i) → +∞ and ti → 1 as i → ∞ if di(di − ρi) → ∞ and
ρi →∞. Thus ν−1−τy, the limit of µi−1−τyi = H2⌊
√
ti
Σi−ρ′iyi√
1−ρ′2i /d2i
, is also F -stationary.
This deduces that
−→
H (x+ y) +
S(x+ y)⊥ · (x+ y)
2
= 0, ν−1 − a.e.
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Therefore, we that S(x)⊥y = 0, which implies that ν−1 splits off a line. Note
F0,1(ν−1) = λ1. It follows that ν−1 is supporting on S1(
√
2) × Ry with multiplicity
1. Then taking the advantage of local regularity for Brakke flows, we conclude that
Σi−ρiyi√
1−ρ2i /d2i
locally smoothly converges to S1(
√
2)× R up to a subsequence.
The second statement follows from that di
2
(Σi − diyi) locally smoothly converges
to a Bowl soliton Σy. 
Step 3: For sufficiently large i, Σi ⊆ Ni, where Ni is defined as
Ni =
di−10/di⋃
ρ=R
Bρyi
10
√
1−ρ2/d2i
(ρyi)
⋃ di⋃
ρ=di−20/di
Bρyi
10
√
1+di(di−ρ)/di
(ρyi).
Proof of Step 3. Assume on the contrary that a subsequence of Σi is not contained
in Ni. We still denote the subsequence by {Σi}. Then for each i, Σi ∩ ∂Ni 6= ∅. Take
pi ∈ Σi ∩ ∂Ni. Set ρi = 〈pi, yi〉.
If ρi has a bounded subsequence, take a subsequence of pi (still denoted by pi) such
that lim ρi = ρ. Then pi ∈ Σi ∩ ∂Ni implies that∣∣∣∣∣ pi − ρiyi√1− ρ2i /d2i
∣∣∣∣∣ = 10,
which contradicts that Σi − ρiyi locally smoothly converges to Σ− ρy.
If ρi →∞ and di(di− ρi) is unbounded, take a subsequence of pi (still denoted by
pi) such that lim di(di − ρi) = +∞. Then pi ∈ Σi ∩ ∂Ni implies that∣∣∣∣∣ pi − ρiyi√1− ρ2i /d2i
∣∣∣∣∣ = 10,
which contradicts that Σi−ρiyi√
1−ρ2i /d2i
locally smoothly converges to S1(
√
2)× Ry.
It remains to consider that ρi →∞ and di(di−ρi) is bounded. Up to a subsequence,
we can assume that di(di − ρi)→ τ . Then
di(Σi − ρiyi) = di(Σi − diyi) + di(di − ρi)yi → 2Σy + τy,
where Σy is the Bowl soliton with direction −y. Note that for i sufficiently large and
ρ ∈ [di − 2τ/di, di] and τ > 10,
10
√
1− ρ2/d2i ≥ 10
√
1 + di(di − ρ)/di.
Then we can prove pi converges to a point which is not in 2Σy + τy. Namely, if
τ > 10,
|pi − ρiyi| ≥ 10di
√
1 + di(di − ρ)→ 10
√
1 + τ .
The by the equation of Bowl soliton, it can not be a point on it.
Therefore, Σi ⊆ Ni for large i. 
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Step 4: Σi ∩ CU,R \ CU,di−20/di is diffeomorphic to Σ ∩ CU,R \ CU,di−20/di .
Proof of Step 4. It suffices to show that there exists I > 0 such that for any i > I and
ri ∈ (R, di − 20/di), Σi ∩
⋃ri+√1−r2i /d2i
ρ=ri
Bρyi√
1−ρ2/d2i
(ρyi) is diffeomorphic to S
1 × [0, 1].
Set
Σi(ri) := Σi ∩
ri+
√
1−r2i /d2i⋃
ρ=ri
Bρyi√
1−ρ2/d2i
(ρyi).
Assume the statement is not true. Then for each i, take ri ∈ (R, di − 20/di) such
that Σi(ri) is not diffeomorphich to S
1 × [0, 1].
If ri is bounded, take a subsequence of ri (still denoted by ri) such that lim ri = r.
Then by assumption of Σi, Σi(ri) locally smoothly converges to (Σ−τy)∩B2(0)×[0, 1],
which leads to a contradiction.
If ri is unbounded and di(di − ri) is unbounded, take a subsequence of ri (still
denoted by ri) such that lim ri = +∞ and lim di(di − ri) = +∞. Then by Step 2,
Σi−riyi√
1−r2i /d2i
locally smoothly converges to S1(
√
2) × Ry. Therefore, Σi(ri)−riyi√
1−r2i /d2i
locally
smoothly converges to S1(
√
2)× [0, 1], which leads to a contradiction.
If ri is unbounded but di(di−ri) is bounded, take a subsequence of ri (still denoted
by ri) such that lim ri = +∞ and lim di(di − ri) = α. Then by assumptions, α ≥ 20.
Note that
lim
i→∞
di
√
1− r2i d2i =
√
2α.
It follows that Σi(ri)−riyi√
1−r2i /d2i
locally smoothly converges to Σy+αy√
2α
∩ (B2(0)× [0, 1]), which
leads to a contradiction. 
Now the proposition follows from Step 4 and that Step 2.

Proof of Theorem 3.1. The desired results follow from Theorem 4.2 and Proposition
5.1, 5.2 and 5.3. 
Appendix A. Classification of self-shrinker ends with finite genus
In [31], Wang classifies the properly embedded self-shrinker ends with finite topol-
ogy. The key step is to prove multiplicity of the tangent flow equals to 1. Though
Wang states it for finite topology, the argument works for all self-shrinkers with finite
genus. We state it here and sketch the proof for completeness.
Theorem A.1 ([31, Theorem 1.1]). Let Σ ∈ MS(Λ, g) and y ∈ S2(1) such that
limρ→∞ Fρy,1 ≥ 1. Then Σ−ρy locally smoothly converges to Ry×R or Ry×S1(
√
2).
20 AO SUN AND ZHICHAO WANG
Proof. The theorem follows from [31, §5] if we prove [31, Theorem 1.3] under the
assumptions of finite genus. Note that [31, Proposition 4.1] holds for all self-shrinker
ends with finite genus. In the proof of [31, Theorem 1.3], Wang constructs a simple
closed curve which does not separate M . Indeed, the similar argument can show
that M admits two closed curves with intersection number 1. Then we can do this
arbitrary many times to show that the genus of M is infinite. See [31, §4] for details.

This is an application of Theorem A.1.
Lemma A.2. Let M be a self-shrinker with finite entropy and genus. Then M has
finite ends.
Proof. Assume on the contrary that M has finite entropy and finite genus, but infin-
itely many ends.
Case 1: There are infinitely many cylindrical ends.
Suppose that M has cylindrical ends with direction yi and |yi| = 1 . Assume that
yi → y. Then
Fρy,1(M) = lim
i→∞
Fρyi,1(M) ≥ lim
i→∞
lim
r→∞
Fryi,1(M) = λ1.
By [31], M − ρy locally smoothly converges to Ry × S1(
√
2) with multiplicity 1.
Thus for any R > 2, there exists R0 > 0 such that
(A.1) M ∩ Iy(R0,+∞)× (BR(0) \B2(0)) = ∅.
Take i large enough such that R0|yi − y| < 1. Consider a smooth function f ∈
C∞(0,+∞) given by
f(ρ) = ρ2 − 〈ρyi, y〉2.
Note that f(R0) < 1 and limρ→∞ f(ρ) = +∞. Hence there exists R1 > R0 such
that f(R1) = R
2/4. Then by (A.1), M − R1yi ∩ BR/4(0) = ∅. This deduces that
FR1yi,1(M) ≤ C/R, which contradicts
FR1yi,1(M) ≥ lim
ρ→∞
Fρyi,1(M) = λ1.
Case 2: There are infinitely many conical ends.
Suppose that M admits infinitely many conical ends with links γi. Take yi ∈ γi.
Then
Fρy,1(M) = lim
i→∞
Fρyi,1(M) ≥ lim
i→∞
lim
r→∞
Fryi,1(M) = 1.
By [31], Σ−ρy locally smoothly converges to Ry×S1(
√
2) or Ry×R. By the same
argument in Case 1, the limiting surface can not be a cylinder. Then it remains to
rule out the case that there exists a conical end with links γ such that y ∈ γ.
Take R≫ 1. Then for z ∈ γ, there exist R0(z) > 0 such that for M ∩BR0(z)(0)×
Iz(R(z),+∞) closes to Cγ∩BR0(z)(0)×Iz(R(z),+∞). Note that γ is compact. Hence
we can find finite set W ⊂ γ such that γ ⊆ ⋃z∈W BR/2R0(z)(z).
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Take R1 be a constant such that R1 ≥ maxz∈W R0(z). Take i large enough such
that R1|y − yi| < 1. Consider a function fγ ∈ C(0,∞) given by
fγ(ρ) = dist(ρyi, Cγ),
where dist(·, ·) is the distance function in R3.
Note that f(R1) ≤ R1|y − y1| ≤ 1 and limρ→∞ fγ(ρ) = +∞. Hence there exists
R2 > R1 such that fγ(R2) = R/4. By triangle inequalities, there exists z
′ ∈ W such
that R2|z′ − yi| ≤ 3R/4. Therefore, BR/4(R2yi) ⊂ BR(z′). This deduces
dist(R2yi,M) ≥ dist(R2yi,M ∩BR(z′)) ≥ dist(R2yi,M ∩ Cγ)− 1 ≥ R/8.
Overall, BR/8(R2yi) ∩M = ∅. This implies FR2yi,1(M) ≤ C/R, which contradicts
FR2yi,1(M) ≥ lim
ρ→∞
Fρyi,1(M) = λ1.

The following linear bound of |A| is proved by Song [28]. Here we give a uniform
bound for M ∈MS(Λ, g), which is used in Theorem 2.8.
Lemma A.3 (cf. [28, Theorem 19; 31, Appendix A.1]). There exists a constant
C = C(λ, g) such that for any self-shrinker M ∈MS(Λ, g),
|A|(x) ≤ C(|x|+ 1).
Proof of Lemma A.3. Assume on the contrary that there exists a sequence of self-
shrinkers {Σi} with entropy bound λ and genus bound g, and xk ∈ Σk such that
|A|(xk) ≥ k(|xk|+ 1).
Assume that Σk locally smoothly converges to Σ. Then λ(Σ) ≤ Λ and g(Σ) ≤ g.
Without loss of generality, {xi} is assumed to be unbounded. Assume yi ∈ B1/|xi|(xi)
such that
(|xi|−1 − |yi − xi|)|A(yi)| = sup
y∈B1/|xi|(xi)
(|xi|−1 − |y − xi|)|A(y)|.
Set ri = (|xi|−1 − |yi − xi|)/2. Then |A(yk)|rk ≥ k/2 and for y ∈ Brk(yk) ∩ Σk,
2rk|A(yk)| ≥ (|xk|−1 − |y − xk|)|A(y)| ≥ rk|A(y)|.
Thus for y ∈ Bk/2(0)∩|A(yk)|(Σk−yk), |A(y)| ≤ 2 and |H(y)| ≤ 1/k. Let k →∞,
|A(yk)|(Σk − yk) locally smoothly converges to a minimal surface Γ.
Assume that yk/|yk| → y˜. Then by Proposition 2.7, for any (z, t) ∈ R3 × (0,+∞),
Fz,t2(Γ) ≤ lim
ρ→∞
Fρy˜,1(Σ) ≤ λ1,
which implies that Γ has only one end. Thus Σ is a plane, which contradicts to
|AΓ(0)| = 1. 
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Appendix B. Translating solitons with low entropy
For completeness of this paper, we sketch the proof of classification of translating
solitons with low entropy in R3. The argument is based on the proof by Choi-
Haslhofer-Hershkovits [9, Theorem 1.2] and Hershkovits [19, Theorem 3]. We refer
to [18] the computation of entropy of translating solitons.
Theorem B.1. Let M ⊆ R3 be a translating soliton with entropy less than 2. Then
M is a plane or a Bowl soliton.
Proof. Let y be the translating vector field of M , i.e.,
H = −〈y,n〉.
For each r > 0, define the blow down Brakke flow by
µrt = H2⌊
(M − ry√
1 + r
+
√
1 + r(1 + t)y
)
.
By the compactness of Brakke flow (Lemma 2.5), as r → +∞, there exists a sequence
ri → ∞ and a Brakke flow {νt} such that µrit ⇀ νt in the sense of Radon measures
for all t < 0.
Denote by Vν the varifold corresponding to ν(= ν−1). Then we can show that Vν
is F -stationary.
Indeed, by computing directly,
µrt = H2⌊
(√−t(M − r˜y√
1 + r˜
))
,
where r˜ = r − (1 + t)(1 + r). Note that for t < 0 fixed, r˜ → +∞ as r → +∞.
Note that M is a translating soliton with direction y. Then by the monotonicity
of F functional, FrV,1+r(M) is monotone increasing. Denote by λ the limiting value.
Then λ < 2 by the assumption of entropy bound.
Now computing the F functional for the limiting flow gives∫
Φ(x, t)dνt = lim
r→∞
∫
Φ(x, t)dµrt = lim
r→+∞
Fr˜V,1+r˜(Σ) = λ.
By the monotonicity formulae (see Lemma 2.2), Vν is F -staionary.
Now we can show that ν is supporting on a smooth self-shrinker. Namely, by the
same argument, for all τ ∈ R, the related varifold of the limitation of µri+τ
√
1+ri
−1 is
also F -stationary. Recall that
µri+τ
√
1+ri
−1 = H2⌊
√
ti(
M − riy√
1 + ri
− τy),
where ti =
√
1+ri√
1+ri+τ
. Note that ti → 1 as ri → +∞. We conclude that Vν−τy is also
stationary. This deduces that y⊥ = 0. It follows that ν splits off a line.
Now Vν is a F -stationary cycle with entropy less than 2. It follows that Vν is
supporting on a plane or a self-shrinker cylinder.
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In the first case, M is a plane by Brakke local regularity or the argument in [4,
Proposition 3.2]. In the second case, M is a Bowl soliton by Hershkovits [19, Theorem
3].
For completeness of this paper, we sketch the proof given by Hershkovits [19].
Firstly, using the Neck Improvement Theorem [7, Theorem 4.4], the end can be
written as a graph (see [19, §2] for details) of a function g : R2\BR(0)→ R satisfying
g =
1
2
(x21 + x
2
2)−
1
2
log(x21 + x
2
2) +O(
1√
x21 + x
2
2
).
Then the claim follows from [25, Theorem A] once we prove M has only one end.
We now show that M admits only one end. We first claim that |A| is bounded by
Choi-Schoen estimate [8].
Claim 1. There exists C = C(M) such that |A|(x) ≤ C for any x ∈ M , where A is
the second fundamental form of M .
Proof of Claim 1. Assume on the contrary that xi ∈ M satisfying |A|(xi) > i. Take
qi ∈M such that
max
x∈B1(p)∩M
(1− |x− xi|)|A|(x) = (1− |zi − xi|)|A|(zi),
where Br(p) is the ball in R
3.
Set ri = (1 − |zi − xi|)/2. Then ri|A|(zi) → ∞ and for any x ∈ Bri(zi), we have
|A|(x) ≤ 2|A|(zi). Hence |A|(zi)(M−zi) locally smoothly converges to a hypersurface
Γ ⊆ R3. Recall M is a translating soliton and then |H| ≤ 1. It follows that Γ is a
minimal surface. By Proposition 2.7, the entropy of Γ is less than 2, which implies
that Γ is a plane. This contradicts the fact of |AΓ|(0) = 1.
Thus we have proved Claim 1. 
As a result, there exists a constant δ > 0 such that Fx,1(M) ≥ δ for any x ∈M .
To proceed our argument, assume on the contrary that pi = (x1,i, x2,i, yi)→∞ lies
in M but not in the end given by the graph of g. Recall that M−ry√
1+r
locally smoothly
converges to S1×Ry, which yields that for any k > 0 and large i, yi < 12k (x21,i+ x22,i).
Claim 2. There exists K > 0 such that Kyi ≤ −(x21.i + x22,i) for all large i.
Proof of Claim 2. Assume on the contrary that for any k > 0, we have kyi ≥ −(x21,i+
x22,i) for large i. Take si,k > 0 such that pi + si,ky ∈ {ky = x21 + x22}. Then for large
i, we have B√
x21,i+x
2
1,i/2
(pi + si,ky) ∩M = ∅ and
x21,i + x
2
2,i ≤ 2ksi,k ≤ 4(x21,i + x22,i).
Therefore,
B√k/4(0) ∩
M − pi − si,ky√
1 + si,k
= ∅,
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which implies that
lim
k→∞
lim
i→∞
Fsi,ky,1+si,k(M − pi) = 0.
Note thatM−pi is also a translating soliton with direction −y. Hence Fsy,1+s(M−
pi) is monotone increasing. This deduces that
lim
i→∞
F0,1(M − pi) ≤ lim
k→∞
lim
i→∞
Fsi,ky,1+si,k(M − pi) = 0,
which leads to a contradiction. 
Now set p0i = (x1,i, x2,i, 0). By Claim 2, yi < −|p0i |2. In particular, |yi| → ∞
and p0i /
√
1 + |yi| is bounded. Note that M√1+r = µr0 extincts as r → ∞. Hence
limi→∞ F0,1+|yi|(M − p0i ) = 0. On the other hand,
F0,1(M − pi) ≤ F|yi|y,1+|yi|(M − pi) = F0,1+|yi|(M − p0i ),
which leads to a contradiction.
Then we finish the proof. 
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